Elements of the general theory of potential curves for diatomic molecules are presented. For the diatomic molecule He In turn, the analytic potential energy curve for the excited state A 2 Σ + g supports all reported 9
I. INTRODUCTION
Celebrated Born-Oppenheimer (BO) approximation takes advantage of the large difference in the mass of the nuclei and electrons. In this approximation the nuclei are clamped at certain configuration and one can calculate, in a relatively simple way, the electronic energy.
The electronic energy depends of the nuclear configuration, thus, leading to the Potential Energy Surface (PES), where the configuration occurs as the argument. In physicallyimportant case of diatomic molecules, in particular, of single positively-charged diatomic molecular ion (A + B) + with nuclear charges Z A,B , respectively, and (Z A + Z B − 1) electrons, the nuclear configuration is defined by the single internuclear distance R. In this case the
PES becomes the Potential Energy Curve (PEC) V (R). From physical point of view, taking
charges Z A,B as probes, the potential
measures the screening of Coulomb interaction S(R) due to the presence of electronic media.
Making analysis of the electronic Hamiltonian for (A + B)
+ ion one can find that the potential V (R) at small R is defined via perturbation theory in R,
where the first (classical) term comes from the Coulomb repulsion of nuclei, the second term E a is defined by the energy of united ion with total nuclear charge (Z A + Z B ) with (Z A + Z B − 1) electrons. It was observed that the linear term is always absent, E 1 = 0 [1] [2] [3] .
At large distances R for the ground state potential curve the leading term of the interaction of neutral atom with charged atomic ion is given by van-der-Waals attraction term with set of corrections in powers of 1/R,
see [4] and for recent extended discussion [5] . Here the parameters c 4,... are related with (hyper)polarizabilities of different orders. It is evident that the attraction at large distances together with repulsion at small distances implies the existence of the minimum of the potential curve. If this minimum is situated at large distances (and shallow), this minimum is usually called the van-der-Waals minimum. It was shown that for the interaction of ion and neutral atom, each of them is in its respectful ground state, the coefficient c 5 = 0 and the term ∼ 1 R 5 is absent, [4, 5] . The expansion (2) remains the same functionally for both dissociation channels: A + + B and A + B + , while evidently the expansion (1) remains the same for both channel. In many cases the known potential curves are smooth curves with slight irregularities due to level crossing effects, see e.g. [4] and [6] . It hints to interpolate the expansions (1)-(2) using two-point Pade approximation
where P N , Q N +3 are polynomials in R of degrees N, (N + 3), respectively, with P N (0) = Q N +3 (0) = 1 as it was introduced in [3] . This formula seems applicable for any singlepositively charged diatomic molecular ion, for both hetero-and homonuclear cases.
In the case of identical nuclei A = B (homonuclear case) the system (A + A) + is
permutationally-invariant and the extra quantum number -parity with respect to interchange of the nuclei positions -occurs. The exchange energy (or, saying differently, the energy gap) -the difference between the potential curves ∆E = (E − − E + ) of the first excited state (of the negative parity) E − and of the ground state (of the positive parity) E + -tends to zero exponentially at large R,
where D > 0 is monomial in R, furthermore and S 0 = αR, where the parameter α depends on the molecular ion explored [7] . It implies that these potential curves can be written at large R in the following form,
where E 0 (R) is given by expansion (2), it is the same for lowest energy states of both parities, hence, it does not depends on the state. It is clear that both δ ± E are exponentially small.
In the profoundly studied case of H + 2 molecular ion [8] the expansion of δ ± E looks like the transseries: the expansion in multi-instanton contributions each of them with accompanied perturbation theory in 1/R of a special structure similar to one for one-dimensional quartic double-well potential problem,
c.f. [9, 10] 
where exponent S 0 = R looks as classical action (one-instanton contribution), D 0 = 4 e R looks like one-instanton determinant.
In all concrete cases, the present authors are familiar with, (H 2 ) ions the exponent S 0 is linear in R with coefficients which depends on the system studied, S 0 = αR, see [3, 11] and references therein (see Table (I) ). In turn, in the leading term in
for H 2 , see e.g. [3] , while in all other cases D ∼ R β , hence, it is monomial of some degree β. It is worth emphasizing that the exponential smallness at large R of the energy gap implies the well-known fact that the expansions (2) for the ground state and the first excited state coincide. In turn, at small R the expansion of the energy gap in R is given by the Taylor series The next step is to construct an analytic approximation of the exchange energy ∆E which interpolate the small (7) and large (6) internuclear distances. If D ∼ R n in (6), where n is integer, this is realized using two-point Padé type approximation
where P N +n (R) and Q N (R) are polynomials of degrees N + n and N respectively. If n is half-integer, change of variable is needed: r = √ R. In particular, if n = 5/2 (the case of H 2 ) and S 0 = 2R, wo-point Padé type approximation,
The case n = 1/2 (the He + 2 ion) will be presented later in this paper. In order to properly reproduce the behavior of n 0 terms at small (7) and n ∞ terms at large (6) internuclear distances constraints on the parameters of the polynomials P N +n (R) and Q N (R) are imposed.
Due to the exponential dependence in R of δE ± (4) the main contribution to the energy in the potential curves E ∓ at large internuclear distances comes from the mean energy term
see (4). Neglecting two-instanton (∼ e −2S 0 ) and higher order exponentially-small contributions, the mean energy E 0 (R) expansion at large distances is given by (2) . On the other hand, at small internuclear distances E 0 (R) expansion has the same structure as (1) with
where
is the mean energy of the ground and first excited state of the system in the united atom (u.a.) limit, respectively. The analytic approximation for mean energy E 0 which mimics the asymptotic expansions for small (1) and large (2) distances is again two-point Padé approximation of the form (3)
This approximation suppose to reproduce n 0 terms at small and n ∞ terms at large internuclear distances expansion.
In this paper the diatomic molecular system He
The goal is to construct a simple analytic expressions for the PEC of the ground X 2 Σ + u and the first excited state A 2 Σ + g in full range of internuclear distances. We follow the general theory presented above, it has been applied successfully to the diatomic molecular hydrogen ion H + 2 (p, p, e) [3] .
Theoretical studies of He + g it was found irregularity on PEC at small R < R eq (see [13] and references therein) due to level quasi-crossing(s) while vander-Waals minimum occurs at large distance. The influence of irregularity to rovibrational spectra needs to be investigated.
Finally, an accurate analytic expressions for the PEC allows us to calculate the rotational and vibrational states by solving the Schrödinger equation for the nuclear motion with analytic potential. Atomic units are used throughout although the energy is given in Rydbergs.
II. THE ENERGY GAP ∆E
Let us start considering the behavior of the energy gap ∆E between the excited state
Following Bingel [2] for small internuclear distances R → 0, the behavior is given by
is the difference between the energies of the Beryllium ion (rounded) [16]
= −28.358 666 Ry .
For large internuclear distances R → ∞, the energy gap ∆E is given by [11, 17] 
where α 0 = 1.344, ǫ 0 = 6.608 573, ǫ 1 = 2.296 763 and ǫ 2 = 0.252 798. Now, we look for an expression that interpolates (12) and (14). In order to do that, a new variable is introduced
and at the same time the parameters ǫ 1 and ǫ 2 are released, which gives more flexibility to the approximation. The Padé-type approximation is given by
Explicitly, with N = 11, Comparison between the fit (16) and the numerical results [14] are presented in Fig. 1 .
III. THE MEAN ENERGY E 0
The dissociation energy for the ground X 2 Σ + u and the first excited state A 2 Σ + g at small internuclear distances R → 0 is given bỹ where E 
at small internuclear distances R → 0, is obtained (17)
On the other hand, at large internuclear distances, R → ∞, E 0 is obtained from the asymptotic expressions of the energy for the ground and first excited states
where E 0 is given by
and [14]
In order to interpolate the two asymptotic limits (19) and (21) we use two-point Padé approximation P ade[N/N + 3](R)/R {3,3} where the first three terms of the expansions at small and large distances are reproduced exactly. Explicitly,
Meaning of these constraints is to guarantee the exact reproduction of the first three terms in expansions (19) and ( 
IV. POTENTIAL ENERGY CURVES
Explicit analytic expressions for mean energy E 0 (22) and energy gap ∆E (16) allow us to recover the potential energy curves for the ground X 2 Σ + u and first excited A 2 Σ + g states,
In general, this approximation reproduces 3-4 s. Since, the irregularity occurs for energies much above the threshold energy E(He) + E(He), it should not bring much influence to the rovibrational spectra.
Surprisingly, for X 2 Σ + u state fit (24) also predicts a certain irregularity in the domain of 0.9 R 1.5 a.u. as it can be seen in Fig. 2 : Numerical data from [15] deviate from our analytic curve as well as one from [13] in this domain. In this domain our curve is based on perturbative expansion of the energy at small R, which usually does not know about singularities related to the quasi-crossings unlike the convergent expansion at large R.. Hence, this deviation can be attributed to quasi-crossing but situated far away from real R axis. Since it is relatively small and is situated far above the threshold energy we do not expect much influence to the rovibrational spectra. Subsequent calculations confirm this prediction, see below.
The asymptotic expansions of fit (24) for the ground state
and at R → ∞
As for the excited state A 2 Σ + g the asymptotic behavior of (24) are
in agreement with the right asymptotic behavior (cf. (17) and (20)). [Ry] 
V. ROVIBRATIONAL STATES
In the Born-Oppenheimer approximation the rovibrational states are calculated by solving the reduced one-dimensional Schroedinger equation for the nuclear motion
where µ = M n /2 = 3647.149771 is the reduced mass of two α particles, ν and L are the vibrational and rotational quantum numbers, respectively: any state will be marked as (ν,L). Usually, the equation (22) is solved numerically with the potential V (R) also defined numerically at some discrete sequence of points in R. In our case the potential V (R) is given by some analytic expressions for the potential energy curves (24) (together with the respectively. For R = 1.0 the second line result is from [13] . expressions (16) and (22)). In this case we can use the Lagrange-mesh method [18] in its full generality.
As for the results it can be immediately seen that the PEC for the ground state Applying the same procedure for the PEC of the first excited state A 2 Σ + g , our results point out the presence of 9 rovibrational states, the same number of states as found in [14] (see Table III ). The energies are very small being the order 10 −5 − 10 −5 Ry. Even though all our results are stable inside of the Lagrange-mesh method, they fall beyond our precision.
t is worth mentioning that we predict the rotational state (0, 5), which is not found in [14], while in [14] it is predicted vibrational state (2, 0) which is not seen in our calculations. For small internuclear distances 0.5 < R < 1.5 a.u., possibly due to the quasi-crossing (situated in complex R sufficiently close to the real R axis) between the excited stated The calculated rovibrational states (ν, L) due to the analytic knowledge of PEC (24), allows to calculate radiative transitions between those states [19] . Up to our knowledge, radiative transitions for the molecular ion He + 2 have not been considered before. It will be done elsewhere.
